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STABILITY RESULTS FOR SECTIONS 
OF CONVEX BODIES 

M. STEPHEN AND V. YASKIN 


Abstract. It is shown by Makai, Martini, and Odor that a convex 
body K , all of whose maximal sections pass through the origin, must 
be origin-symmetric. We prove a stability version of this result. We 
also discuss a theorem of Koldobsky and Shane about determination of 
convex bodies by fractional derivatives of the parallel section function 
and establish the corresponding stability result. 


1. Introduction 

Let K be a convex body in M”, i.e. a compact convex set with non-empty 
interior. More generally, a body is a compact subset of M" which is equal 
to the closure of its interior. Throughout the paper, we assume all bodies 
include the origin as an interior point. Now, we say K is origin-symmetric 
if K = —K. The parallel section function of K in the direction £ £ S” -1 is 
defined by 

AK,z(t) = vol n _i (K n {£-*- + t£}), t £ M. 

Here, £-*- = {x £ M™ : (x, £) = 0} is the hyperplane passing through the 
origin and orthogonal to the vector £. 

For the study of central sections it is often more natural to consider a 
larger class of bodies than the class of convex bodies. Recall that if K is 
a body containing the origin in its interior and star-shaped with respect to 
the origin, its radial function is defined by 

Pk(0 = nraxja > 0 : a£ £ A"}, £ £ S n_1 . 

Geometrically, Pk(0 is the distance from the origin to the point on the 
boundary in the direction of £. If px is continuous, then K is called a star 
body. Every convex body (with the origin in its interior) is a star body. The 
intersection body of a star body K is the star body IK with radial function 

Pik(0 = vol n -i(K n £- * l ), £ £ S n_1 . 

Intersection bodies were introduced by Lutwak in m and have been actively 
studied since then. For example, they played a crucial role in the solution 
of the Busemann-Petty problem (see [8j for details). 
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The cross-section body of a convex body K is the star body CK with 
radial function 


PCi<(0 = max. A K £(t), £ £ S n l . 

Cross-section bodies were introduced by Martini m- For properties of these 
bodies and related questions see 0, a, a, du, m, m- 

Brunn’s theorem asserts that the origin-symmetry of a convex body K 
implies 


A x>? (0) = max^^(t) 

for all £ £ S n ~ l . In other words, CK = IK. The converse statement was 
proved by Makai, Martini and Odor [Ill- 

Theorem 1 (Makai, Martini and Odor). If K is a convex body in such 
that CK = IK, then K is origin-symmetric. 


The goal of the present paper is to provide a stability version of Theo¬ 
rem [TJ For star bodies K and L in W 1 , the radial metric is defined as 

p(K,L) = max | p K (0 ~ Pl(£)|- 
We prove the following result. 


Theorem 2. Let K be a convex body in M™ contained in a ball of radius R, 
and containing a ball of radius r, where both balls are centred at the origin. 

If there exists 0 < e < min | ( 6 ^^ 327r ) , fgj so that 

p{CK , IK) < e, 

then 


1 

2 


p(I\, —K) < C{n , r, R ) e q where q = < 


2(n+l) 

1 


ifn = 2, 
ifn = 3,4, 
if n> 5. 


(n— 2)(n+l) 

Here, C{n,r,R) > 0 are constants depending on the dimension, r, and R. 


Remark. In the proof of Theorem El we give the explicit dependency of 
C(n, r, R) on r and R. 


The following corollary is a straightforward consequence of the Lipschitz 
property of the parallel section function (Lemma[9|) and TheoremEl Roughly 
speaking: if, for every direction £ £ S 71-1 , the convex body K has a maximal 
section perpendicular to £ that is close to the origin, then K is close to being 
origin-symmetric. 
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Corollary 3. Let K be a convex body in W 1 contained in a ball of radius R, 
and containing a ball of radius r, where both balls are centred at the origin. 
Let L = L(n) be the constant given in Lemma 0 If there exists 



so that, for each direction £ E S n , Ak£ attains its maximum at some 
t = t(£) with |t(£)| < £ > then 


p{K, —K) < C(n, r, R) e q . 


Here, C(n, r,R ) >0 are constants depending on the dimension, r, and R, 
and q = q{n) is the same as in Theorem [H 

The proof of Theorem [2] is given in Section 4 and consists of a sequence 
of lemmas from Section 3. The main idea is the following. If K is of class 
C°°, then we use Brunn’s theorem and an integral formula from [3] to show 
that p(CK,IK ) being small implies that f s „-i | -4^ ^(0) | df is also small. 
(Recall that K is called m-smooth or C m , if px £ C m (S n ~ 1 ).) If K is not 
smooth, we approximate it by smooth bodies, for which the above integral 
is small. Then we use the Fourier transform techniques from m and the 
tools of spherical harmonics similar to those from [6] to finish the proof. 

As we will see below, the same methods can be used to obtain a stability 
version of a result of Koldobsky and Shane [9]. It is well known that the 
knowledge of 21^(0) for all £ € S n ~ 1 is not sufficient for determining the 
body K uniquely, unless K is origin-symmetric. However, Koldobsky and 
Shane have shown that if A^^( 0) is replaced by a fractional derivative of 
non-integer order of the function Ax^(t) at t = 0, then this information 
does determine the body uniquely. 

Theorem 4 (Koldobsky and Shane). Let K and L be convex bodies in M n . 
Let —l<p<n — l be a non-integer, and m be an integer greater than p. If 
K and L are m-smooth and 


Ai\{ 0 ) = 0 ) 


for all £ £ S n 1 , then 


K = L. 


The following is our stability result. 

Theorem 5. Let I\ and L be convex bodies in M n contained in a ball of 
radius R, and containing a ball of radius r, where both balls are centred at 
the origin. Let —l<p<n — l be a non-integer, and m be an integer greater 
than p. If I\ and L are m-smooth and 


( p ) 
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for some 0 < e < 1, then 

p(K,L) < C(n,p, r, R) e q where q = 


Here, C(n,p,r, R) > 0 are constants depending on the dimension, p, r, and 

R. 

Remark. In the proof of Theorem 0 we give the explicit dependency of 
C(n,p, r, R ) on r and R. Furthermore, our second result remains true when 
p is a non-integer greater than n — 1. However, considering such values for 
p would make our arguments less clear. 



(n—2p)(n+l) 


if n < 2p + 2, 
if n > 2p + 2. 


2. Preliminaries 


Throughout our paper, the constants 

n 
7T 2 

Avri •- , 

r (§ + 

give the volume and surface area of the unit Euclidean ball in R ra , where T 
denotes the Gamma function. Whenever we integrate over Borel subsets of 
the sphere S'” -1 , we are using non-normalized spherical measure ; that is, the 
(n— l)-dimensional Hausdorff measure on M n , scaled so that the measure of 
S "- 1 is w„. 

Let K be a convex body in M n containing the origin in its interior. The 
maximal section function of K is defined by 

mKii) = maxvol n _i(/L n {T 1 + j) = maxi/<c(t), f G S 71 ^ 1 . 

te K te K 

Note that in k is simply the radial function for the cross-section body CK. 
For each £ G S n , we let tx(0 € M be the closest to zero number such that 



AK,s(tK(Q) = rriKiO- 

Towards the proof of our first stability result, we use the formula 

fi<(t) ■ = — [ A K ^(t)df 
is "- 1 

r(i) f ±( 

refer to Lemma 1.2 in [3] or Lemma 1 in [lj for the proof. 

The Minkowski functional of K is defined by 


L - 


n —3 
2 




dx; 


x\\k = min{a > 0 : x G aK}, x G M n . 


It easy to see that Pk{Q = II Cl I a' 1 f° r C £ S n ~ l . The latter also allows us to 
consider px as a homogeneous degree —1 function on M n \{0}. The support 
function of K is defined by 


h K (x) = sup (x,y), 

y&K 


x G M n . 
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The function hx is the Minkowski functional for the polar body K° associ¬ 
ated with K. Given another convex body L in M n , define 

8 2 (K,L) = (J I h K (0 - h L (0 1 2 d^j 2 

and 

doc(K, L ) = sup | h K (0 - h L (0\■ 

^eS 71 - 1 

These functions are, respectively, the L 2 and Hausdorff metrics for con¬ 
vex bodies in R n . The following theorem, due to Vitale m, relates these 
metrics; refer to Proposition 2.3.1 in [7] for the proof. 

Theorem 6. Let K and L be convex bodies in M. n , and let D denote the 
diameter of K U L. Then 

9k ryl—n 

~ r 1 , n s °o(K, L) n+l < 6 2 (K , Lf < u n S^K, Lf. 

n[n + 1] 

Let a = (ai,..., a n ) be any n-tuple of non-negative integers. We will use 
the notation 

n 

[«] 

3 =1 

to define the differential operator 

q[°\ qN 

dx a dxf 1 ■■ ■ dxn n 

We let tS(M n ) denote the space of Schwartz test functions; that is, func¬ 
tions in C°°(M ri ) for which all derivatives decay faster than any rational 
function. The Fourier transform of € 5(M n ) is a test function &(j> defined 

by 

^cj){x) = <p{x) = f (t){y)e~d x ' y ') dy, x e M n . 
it" 

The continuous dual of 5(M n ) is denoted as S'(M n ), and elements of 5'(M n ) 
are referred to as distributions. The action of / € S'(M. n ) on a test function 
4> is denoted as (/, f). The Fourier transform of / is a distribution / defined 
by 

(/>) = (/,£), (f> G 5(M n ); 

/ is well-defined as a distribution because & : 5(M n ) —>• 5(M n ) is a contin¬ 
uous and linear bijection. 

For any / € C'(5 n ^ 1 ) and p € C, the — n +p homogeneous extension of / 
is given by 

fp ( x ) = \ x \-"+r f (j-Y x £ r\{o}. 
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When Tip > 0, f p is locally integrable on M n with at most polynomial growth 
at infinity. In this case, f p is a distribution on 5(M n ) acting by integration, 
and we may consider its Fourier transform. Goodey, Yaskin, and Yaskina 
show in PJ that, for / E C°°(S n ~ 1 ), the additional restriction Tip < n 
ensures the action of f p is also by integration, with f p E C' oo (R ra \{0}). 

We make extensive use of the mapping I p : C'°°(5 Tl_1 ) -A- C°°{S n ~ l ) 
defined in [6j, which sends a function / to the restriction of f p to S' 71-1 . 
For 0 < Tip < n and m E Z-°, Goodey, Yaskin and Yaskina show I p has 
an eigenvalue A m (n,p) whose eigenspace includes all spherical harmonics of 
degree m and dimension n. These eigenvalues are given explicitly in the 
following lemma; refer to [6] for the proof. 

Lemma 7. If 0 < Up < n, then the eigenvalues A m {n,p) are given by 


A m (n,p) 


2P7rf(-l)fr(^±£) 

r(^p£) 


if m is even , 


and 


\m(n,p) 


(2±E) 

T ^n±n-p^ 


if m is odd. 


The spherical gradient of / E C(S n x ) is the restriction of V/ /\ x \) t° 
S n ~ 1 . It is denoted by V D /. 

An extensive discussion on spherical harmonics is given in [7] . A spherical 
harmonic Q of dimension n is a harmonic and homogeneous polynomial in 
n variables whose domain is restricted to S' 71-1 . We say Q is of degree m 
if the corresponding polynomial has degree m. The collection Tf” of all 
spherical harmonics with dimension n and degree m is a finite dimensional 
Hilbert space with respect to the inner product for L 2 (S n ~ l ). If, for each 
m E Z-°, B rn is an orthonormal basis for then the union of all B m is 
an orthonormal basis for L 2 (S n ^ 1 ). Given / E L 2 {S n ~ l ), and defining 


E (/, Q) Q=--Qm£ Urn, 

QG&m 

we call Ylm-o Qm the condensed harmonic expansion for /. The condensed 
harmonic expansion does not depend on the particular orthonormal bases 
chosen for each TT r f n . 

Let m E N U {0}, and let h : R —>• C be an integrable function which 
is m-smooth in a neighbourhood of the origin. For p E C\Z such that 
— 1 < Up < m, we define the fractional derivative of the order p of h at zero 
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as 


i / m —i 

tW(o )= fFs/ t ' l "r-‘)-£ 

1 z -00 

+ r++/ + 


(-l) fc /tW(0) 


-f fc J dt 

1 (-l) fc /i( fc )(0) 


it! 

m— 1 


E 


r(-p) “ k!(k-p ) 


Given the simple poles of the Gamma function, the fractional derivatives of 
h at zero may be analytically extended to the integer values 0,... ,m — 1, 
and they will agree with the classical derivatives. 

Let K be an infinitely smooth convex body. By Lemma 2.4 in [8], Ak£ is 
infinitely smooth in a neighbourhood of t = 0 which is uniform with respect 
to £ E 5 n_1 . With the exception of a sign difference, the equality 



cos 


(?) 


2ir (n — 1 — p) 
sin(f) 


+ l 


2ir(n — 1 — p) 


||— n+l+p . 
\\K ~t 



—n+l+p 

K 


I.-n+l+p 
+ 11 K 


(0 


II-n+l+p 

x llA' 


( 0 , 


(2) 


was proven by Ryabogin and Yaskin in [15] for all £ E S'” -1 and p E C such 
that — 1 < Re(p) < n — 1. The sign difference results from their use of /t(x) 
rather than h(—x) in the definition of fractional derivatives. 


3. Auxiliary Results 


We first prove some auxiliary lemmas. 


Lemma 8. Let rn be a non-negative integer. Let K be an m-smooth convex 
body in W 1 contained in a ball of radius R, and containing a ball of radius r, 
where both balls are centred at the origin. There exists a family {}o<«5<i 
of infinitely smooth convex bodies in M n which approximate K in the radial 
metric as 6 approaches zero, with 


Furthermore, 


and 


CK S C B { i_ 5) -ir(0). 

lim sup sup \A K ^(t) - A Ks ^(t)\ = 0, 
5 ^ >0 ?eS n - 1 |t|<5 



for every pEl, —1 < p < m. 


Proof. For each 0 < 5 < 1, let f>s ■ [0, oo) —>• [0, oo) be a C°° function with 
support contained in [5/2,5], and 



dz = 1. 
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It follows from Theorem 3.3.1 in [16] that there is a family {^}o<5<i of 
C°° convex bodies in such that 

K <t>d(\z I) dz, 

and 



lirn sup \U\\k s ~ HCIIa'I = 0. 
o-*0 

For each £ £ S'” -1 and z £ M n with \z\ <5, we have 

Ik + If Ml k = Hf + z \\k = H Ar ?lk = A iMk 

for some r] £ 5 n_1 and 0<1 — <5<A<l + <5. It then follows from the 
support of 4>s and the inequality i ? -1 < \\i]\\k < r _1 that 

Ilf Ik* = [ ||C + *lkto(W ) dz - I 1 + 5 ) r ~ l 

JR” 

and 

U\\k s = [ ||£ + z\\ K ^s{\z\) dz > (1 - 5)Rr l , 

JR" 

which gives 

^(i+5)-ir(0) c Ks C B {1 _ s) - 1 R (0). 

This containment, with the limit of the difference of Minkowski functionals 
above, implies 

lim sup \pk 5 (0 ~ Pk{Q\ =0. (3) 

<5->0 £ g> gn-l 


Therefore, {A^}o< 5 <i approximate I\ with respect to the radial metric. 

Furthermore, the radial functions {/Oa' 5 }o<5<i approximate px in C m (S n ~ 1 ). 
Let a = (ai,..., a n ) be any n-tuple of non-negative integers such that 
1 < [ck] < m, and consider the function 


f(y,z) ■= 


cH. 

7 T- \\x + \x\z\\ „ 

dx a . . 


x=y 


Observe that / is uniformly continuous on 

{;y £ M n , 2 _1 < |y| < 2} x {z £ M n , \z\ < 2" 1 } 


since K is m-smooth. Therefore, we have 


di° 


dx c 


\x\\ k s - \\x\\k) 


x=t 


s 

J R ? 


di° 


dx° 


x + Ixl^ll^ — ||x||a' 


x=£ 


<t>s(\z\) dz 


for all £, £ S n 1 and 5 < 1/2, which implies 


<?[“] , 

d£^ K ‘ 


x\\k) 


x=£ 


< sup sup |/(£,;?) - /(£,0)|. 
^eS "- 1 |z|<i 


sup 
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Noting that | (£,z) — (£, 0)| = \z\ < 5, the uniform continuity of / then 
implies 


lim sup 
S—>0 grfzCjn — 1 


d [ Q ] . 

8*d |W *' 


Ml*:) 


x=i 


= o. 


( 4 ) 


It follows from the relation pk(x) = |x|| K l that |\^pk 
as a finite linear combination of terms of the form 


pk\o n 

j =0 


QiPj] 

d x Pj 


x K 


x=£ 


may be expressed 


where d G Z—and each (5j is an n-tuple of non-negative integers such 
that [Pj] > 1 and [a] = J^ =0 [/3j]. Of course, §^pk 5 | 2 ._ t may be expressed 
similarly. Equations (|3|) and (J4|) then imply 


lim sup 
S —>0 £(zSn-l 


a.x“ ( pKs 


Pk) 


( 5 ) 


once we note that pk and the partial derivatives of |MI*A up to order m, 
are bounded on S'” -1 . 

Our next step is to uniformly approximate the parallel section function 
Fix £ G S” -1 , and define the hyperplane 

H t = e + te 


for any f G t such that \t\ < r. Let S n ~ 2 denote the Euclidean sphere in 
H t centred at t£, and let pxnHt denote the radial function for K n H t with 
respect to t£ on S” -2 . Then, for \t\ < r, 


A KA (t) = P—f Ana, (»)<»■ (6) 

n — i J s n ~ 2 

For |f| < r/2 and 0 < 5 < 1, Ax s ^(t) may be expressed similarly. Fixing 
6 G S” -2 , and with angles a and /3 as in Figure [TJ we have 

\pKnH t (0) - PK s rH t (9 )| < Pk(vi) ~ PKs(m)\- 

By restricting to \t] < r/ 4, a may be bounded away from zero and 7r. Indeed, 
if a < 7t/ 2, then 


and if a > 7r/2, then 


tana > 


r/2 - |*| 
R 



Therefore 


tan(7r — a) > 


r/2 + \t\ r 


R 


> 


2r: 



< a < 7r — arctan 



0 < arctan 


< 7r. 
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Figure 1. The diagrams represent two extremes: when 
the angle a is small (a < vr/2), and when it is large (a > 
7t/ 2). The point O represents the origin in M n , and | OT\ = t 
where 0 < t < r/4. The points A and C are the boundary 
points for K and Kg in the direction 6, with two obvious 
possibilities: either \TA\ = PKnH t (&) and \TC\ = pK s rH t ifi)i 
or the opposite. The point B is a boundary point for the 
same convex body as A, but in the direction rj±. The point 
D lies outside of the convex body for which A and B are 
boundary points. 


We now have 

\pKnH t (0) - PK s nH t {0)\ < — i— 7—T7 sup \p K {v) ~ Pk s {v)\, (7) 

Sill ^3)1019)11 ^ ^ 

where the upper bound is independent of £ € 5 n_1 , t with |f| < r/4, and 
0 E S n ~ 2 . This inequality, the integral expression ([6]), and equation Q 
imply 

lim sup sup \A K ^(t) - A Ks ,z(t)\ = 0. 

(S_5>0 £eS n - 1 \t\<% 

Lemma (2.4) in p] establishes the existence of a small neighbourhood of 
t = 0, independent of £ € S n_1 , on which Ax ^ is m-smooth. The following is 
an elaboration of Koldobsky’s proof, so that we may uniformly approximate 
the derivatives of Ak,£- Again fix £ E 5 n_1 , and fix 0 E S n ~ 2 C H t . Let 
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PK,e denote the m-smooth restriction of pk to the two dimensional plane 
spanned by £ and 6, and consider px,e as a function on [0, 27 t], where the 
angle is measured from the positive 0-axis. A right triangle then gives the 
equation 

PKnH t ( e ) +t 2 = p 2 Kfi (^arctan 

which we can use to implicitly differentiate y(t) := PKnH t (6) as a function 
of t. Indeed, 


PKnHt(O) 


F(t, y) ■.= y 2 + t 2 - p 2 K)6 (^arctan ^ 


is differentiable away from y = 0, with 

2 1 


F y {t,y) = 2 y + 


PK,e ^ arc tan ^ p' K0 ^arctan 


y 2 + 1 2 

The containment B r ( 0) C K C Br( 0) implies pK,e is bounded above on 
S n ~ l by R, and 


PKnH t (0) > 


y/l5 r 
4 


for \t\ < r/4. If 

M = 1+ sup \V o p K (0\ < oo, 
and A € M is a constant such that 


0 < A < min 


15-\/l5r 3 r [ 
128 RM ’ 4 | ’ 


then 


Fy(t,p K rHt(0 )) 


> 


\/l5r 

4 


for |t| < A. Therefore, by the Implicit Function Theorem, y(t) 
is differentiable on (—A, A), with 


PKnHt ( 0 ) 


. (arctan (|)) /4 j0 (arctan Q)) (y 2 + t 2 ) l y - t 

V + tPKfi (arctan (j)) p' K g (arctan (|)) (y 2 + t 2 ) -1 

Recursion shows that pKnH t (Q) is m-smooth on (—A, A), independent of 
£ € S n ^ 1 and 6 £ S n ~ 2 . It follows from the integral expression Q that 
Ak£ is m-smooth on (—A, A) for every £ £ S’” -1 . This argument also shows 
that Ak s £ is m-smooth on the same interval, for 5 > 0 small enough. Using 
the resulting expressions for the derivatives of Ak,£ and Ak s ,£, and applying 
equations ©, ©, and the inequality (J7|h we have 




a( k ) (A _ jw u\ 


(fc) 


— n 
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for k = 1,..., m. 

Finally, for any pGK such that — 1 < p < m and p ^ 0,1,..., m — 1, we 
will uniformly approximate At^(0). With A > 0 as chosen above, we have 



m— 1 


r (-p) 


+ 


f ~i~ P 


a K,z(-t) - 




k =0 


k\ 


t* dt 


-i (_i)fc A fc-P^) (o) 


F(-P) 


k =0 


r (-.P) ^ k\(k-p ) 


The first integral in this equation can be rewritten as 



/•« 41(-*) 

Jo (m — 1)! 


(*- «) 


m—1 


da: dt, 


using the integral form of the remainder in Taylor’s Theorem. We also have 


f p Ax^(—t)dt 


i i<n{(x,-0>A 


(x, —£) 1 p dx 


1 


(d, -0 


-1-p 


rpniv) 


r.n—2—p 


dr dr] 


n-l-pJ BK{0 


(fa, -O^PK^iri) - A n_1_p (r/, ~0~ n ) drj, 


where 


Bk{£) = {?? G S n 1 fa,£) < 0 and p K (jl) > Mv, ~0 ^ 
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Therefore, with the set Bk s (0 defined similarly, we have 

4ft(°) - (°) -|r(-p)| 

1 ' - (rrA ' ' A^{z)^ j\-^{t-zr~Uzdt (8) 


< 


sup 


(m — 1)! U,/ A 


A£>(z)- 


+ I sup 

\7je5"- 1 


n—l—p( \ n—l—p/ \ 

p K kv) ~ Pk* vn) 


IB K {n)nB K Jd) \n-l-p\ 


dp (9) 


+ 


L 


Bk^BkAO 


(11,-0 1 p Pk 1 P (p)-x n 1 P (p,~0~ 


n — l—p 


+ 


1 Bk s (£)\B k (0 

n— 1 

+ E 


(>?, - o - 1 - p *; 1 p ( i 7 ) - 


n — l—p 


dp (10) 

( 11 ) 


m 1 \k~P 


k =0 


Ai!|A: — p| 


4>) - 


(fc) 


for 5 > 0 small enough. The integrals in expressions ([8|) and ([9]) are finite, 
with 

r\ ri \m-p 

dz dt = 


f f r l - p (t- z) m ~0 

Jo Jo 


m(m — p) ’ 


since p is a non-integer less than m, and 


R 


i+p 


/ (p, ~0 p dp < ( — ) w„. 

J BK(€)r\BK s (€) \aJ 

Furthermore, the integrands in expression (1101) and (jlll) are bounded above 
by 

'2 R\ 1+p 


(2 R) n ~ l -P + A n ~ l ~P ( ^ 


and 


A ) 

2 R\ 1+p 


X 


+ A n " 1 - p ( ^ 


if p < n — 1, 


if p > n — 1, 


noting that B r / 2 (0) C K$ C B 2 r(0) for 6 < 1/2. 

It is now sufficient to prove 

lim sup / XB(£,5) dp = 0, 

5^-O^ggn-l J Sn- 1 

where 

B(£,6) = B K (0AB Ks (0 

= i V € 5 n_1 p K (p) > 7 -— > p Ks (p) or pKsiv) > -TT > Pk(p) 


(p, ~0 


(p> -0 
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We will prove the equivalent statement 


lim sup 


Xb(-{, 6) dr} = 0, 


S —^0 gn—l JS n ~^ 

where the sign of £ has changed, so that we may use Figure [TJ 

Towards this end, fix any 9 E S n ~ 2 , and consider Figure |T) specifically 
when t = A. In this case, 

\OA\ = p K {r} 2 ) = A(r/ 2,?) _1 and | OC\ = p Ks (v l) = 
or 

| OC\ = Pk(V 2 ) = A(r? 2 , 0 _1 and \ OA \ = PKsim) = A(r?i,0 _1 - 

Any 7} E B(—f,5) lying in the right half-plane spanned by £ and 9 will 
lie between rji and ?? 2 - Furthermore, the angle u converges to zero as <5 
approaches zero, uniformly with respect to £ € S n ~ l and 9 E S n ~ 2 . Indeed, 
we have 

2 sin /3 sin 7 , 


0 < sin a; < 


-\pK(m) - pk s {vi)\, 


r sma 

using the fact that both K and K t 5 contain a ball of radius rj 2, and with sin a 
uniformly bounded away from zero as before. It follows that the spherical 
measure of B(—£,5) converges to zero as 6 approaches zero, uniformly with 
respect to £ E 5 n_1 . □ 

Lemma 9. Let K C M n be a convex body contained in a ball of radius R, 
and containing a ball of radius r, where both balls are centred at the origin. 

If 

i -1 

/ 71 H- I 1 

r 


TL — 1 _ 

L(n) = 8 (n — 


then 


\A K ,^(t) ~ a k,z(s)\ < L(n)R n 1 r 1 — s| 


jn-1 


for all s,t E [— r/2,r/2] and £ E S r ‘ 

> n -\ 

support, which includes the interval [—r, r]. Let 


1 

Proof. For £ E S'" --1 , Brunn’s Theorem implies / := is concave on its 


Lq = max ■ 


/(=r )-/(-*■) 


=f - (~r) 


/W-/(f) 


r _ 3r 
' 4 


and suppose s,i E [—r/2, r/2] are such that s < t. If 

/(*) - /( s ) 


t — s 


> 0 , 


/ (T 1 )-/(-’-> . /w-/m .. /w-/w 

^ - »-(=?) “ 


then 
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otherwise, we will obtain a contradiction of the concavity of /. Similarly, if 

/(<) - /( s ) 


t — s 


< 0 , 


then 


/H - / (t) ^ / (f) ~ /W „ /(<) - /(») , 0 


r _ 3r 
' 4 


3r _/ 

4 6 


t — S 


1 

I n — 1 , 


Therefore, 

for all s,i G [— r/2,r/2]. Now, we have 


by the Mean Value Theorem, and 

U(: 


< Lq \t — s I 


n-2 

/ \ ^^ 

1 1 

( ma xA K ^(t 0 ) ) 
\t 0 eR s J 



1 

n —1 


Lo<--2 \max A K4 (t Q ) ) = (**-(£)). 


Finally, since K is contained in a ball of radius R, we have 


!<(£,)) < 


7r 2 


-i? 


>n—1 


rm 

Combining these inequalities gives 

I Ax^{t) — v4^^(s)| < L(n) R n ~ l r |t — s| 
for all s,t € [—r/2,r/2] and £ € 5 n_1 . 


□ 


We now prove two lemmas that will be the core of the proof of Theorem [2j 

Lemma 10. Let K be a convex body in M n contained in a ball of radius R, 
and containing a ball of radius r, where both balls are centred at the origin. 

i—i 2 

Let {A^}o< 5 <i be as in Lemma 0 If there exists 0 < e < so that 

p{CK , IK) < e, 


32 7T 
y/3 r 


V~e 


then, for 6 > 0 small enough, 

j df < (svr + 

/ 

J 5"- 1 

Here, C(n) > 0 are constants depending only on the dimension. 


when n = 2, 


o2n—4 o3n—3 N 

|^(0)|^ ^ -7-1- r n +2 ) ^ when n - 3 - 
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Proof. By Lemma EJ we may choose 0 < a < 1/2 small enough so that for 
every 0 < 5 < a, 

sup sup \A K ^(t) - A Ks ^(t)\ < e. 

|<|<r/4 


We first show that for each 0 < 5 < a and £ E S n 1 , there exists a number 
cg(£) with |c,s(£)| < y/e for which 

|^j,£( c <s(£))| < 3\/i. 

Indeed, if f G S n_1 is such that |tx 5 (OI — then 

A 'k 5 ^(/ k s(0) = 0, 


and we may take c^(^) = tx s (0- 

Assume £ € S™ -1 is such that |tx 5 (OI > V^- Letting s denote the sign of 
we have 


| A Ks ^{sy/e) - A A ' 5)? (0)| = A Ks ^(sy/e) - 4*^(0) 

= (^K^{sy/e) - A A;? ( 0 )) + (^A Ks ^(sy/e) - Ax^sy/e)^ 

+ (- 4 ^( 0 ) - 4 ^, 4 °)) 


< sup 
^eS 71 - 1 


maxA Ai? (t) - A K £( 0) 


+ 2 sup sup |d A . 5 (0- A Ks c(L)\ 
^SS™- 1 \t\<r/4 


< 3e. 


It then follows from the Mean Value Theorem that there is a number c$(£) 
with |ca(£)| < y/e for which 


\ A 'k s ,^{ c s(0) \ ~ 


A K s ,d s V^) ~ ^V,g(°) 


< 3^e. 


y/e — 0 

With the numbers c<s(£) as above, for the case n = 2 we have 


Is 1 


I ^5,^(0) I d£ 


< 


Is 1 


I ^ks,£( c <5(0)| + 


'<*(£) 


A K s ,d^ dt 


di 


< Qny/e + j \A'x S! dt) \ dtd£. 


( 12 ) 


When 0 < 6 < 1/2, K$ is contained in a ball of radius 2 R, and contains 
a ball of radius rj 2. Lemma 0 then implies 


sup sup {A'x^d^l 

5eS n_1 tS( — y/e,y/e) 


2 L(n) (2i?) n 1 


r 
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So, when n > 3, 


IS n ~ 1 


< 


< 9 L0 n £ + 


,_ x | 2 + 

4L(n) (2R) n ~ 1 i 


' c s(0 




dt, 


r K 

S n ~ 1 J-yfl 


A'^(t)\dtd£ 


(13) 


Considering inequalities (fl2l) and (fl3]> . we still need to bound 

L i / 

Js n ~ 1 J-Ve 

for arbitrary n. Rearranging the equation 


d 2 -J- 

U ln-1 


d 


dt 2 


gives 


1 .§=4 


A k s ^ ~ rlf \ „ _ i A K S ]^ 


dt \n— 1 
2 — n 


1 2 —re 

-1- j i 


( n _ 1)2 (*) (^ks,^)) + 


^4" (f\ — ( n — \)A 71-1 fC—A” -1 ft) + —_^ ( A i<5^)) 

Ksm ~ ( n ^Ks,^) dt 2 A K s ^) + n _ 4 


1 

Brunn’s Theorem implies that the second derivative of A^ 1 ^ is non-positive 
for \t\ < r, so 

\ A *.M £ d - 






Because Ks contains a ball of radius r /2 centred at the origin, we have 


A K s ,t(t) > 


1 


37rr 


9\ 2 = 1 
^ \ 2 


r( 2 ±i) v i6 

for \t\ < r/4, and so 

n-2{A' Ks ^t)) 2 <n -2 r fn + l\ (2L{n){2R) n ~ 1 \ 2 ( 16 


n — 1 A Kg ^(t) n- 1 
L(n) U 




3nr 2 


2n—2 


r n+l 
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for all \t\ < y/e, where L(n) is a constant depending only on n. Therefore, 

r rV^ 


'-Ve 


A k s ,^ 

V'i 


dt dt; 


< 


L-J- v -S~ A «‘^ dtdi+ 


?2n—2 


(n) 


We will bound the first term on the final line above using formula (jT]) . 
Letting 


C'(n) = 


r (5) 


Ar (V)’ 


formula (jT]) becomes 

fK s (t) = C(n) f [ 

J S 71 - 1 J\t 

= C(n) j [ 

Js ™- 1 J\t 

C(n) r 

(n - 1) J S 71-1 


1*1 


n — 3 
2 


PK S ® 1 / t 2 \ - , 

-II--* r n ~ l dr di 


PK S (?) 


n—o 

r (r 2 — t 2 ) 2 dr 


n — l 

(pK 6 (0-t) 2 <%. 


n — 1 
2 


The derivatives of Ak s £ and yp'x g (0 — t 2 j are bounded on (—y/e, y/e) 
uniformly with respect to £ € S' 71-1 , so 

1 f —for, "~3 

fi< s (t) = — A! Ks j:{t)d£ = -C(n)t / (£)“* ) 2 

<^n J S 71-1 J S 71 - 1 

Observing C(2) = 7r _1 , and using that 0 < e < r 2 /16 and r/2 < px s < 2i? 
for 5 < 1/2, we have 


_ /' 77.-3 

= W n /jf 4 (±Ve) = C(n)w n y/£ / (p 2 Ks (t)-E) 2 

J S 71 - 1 

^ f 16 7r(v / 3r) 1 if n = 2, 

— 1(7(n) cj 2 (2i?) n_3 % /i’ if n > 3. 


This implies 


/> cVe 


/• 

/ / -A" K ^(t)dtd(i 


/ { a 'ks,z(~ Vz) - a k s ,^(V^)) d£ 

Js "- 1 


Js 7l ~ 1 


<i 

32 7r(\/3r) 1 y^e if n = 2, 


- 1 

^2C(n)u 2 (2R) n ~ 3 y/£ if n > 3. 
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Noting that L( 2) = 0, inequalities (fl2j) . (fill) , and (fl5l) give 

l st \ A 'K,A0)\d(< (^+^)v5 

when n = 2. For n > 3, inequalities (US), {ED, and (115)) give 

f o / o2n-4 r>3n-3 \ 

J Sn 1 ^ C '( n ) - 1- rn+2 J Vi, 

where C{n) is a constant depending on n. □ 


Lemma 11. Let K and L be infinitely smooth convex bodies in M n which 
are contained in a ball of radius R, and contain a ball of radius r, where 
both balls are centred at the origin. Let p € (0, n). If £ > 0 is such that 


then when n < 2 p, 



< £, 


„ -3n-l+2p 2 

p(K, L) < C(n,p) R z r "+ 1 £«+!, 


and when n > 2 p, 


n — 2p 


o — 3n— l+2p 

p(K, L) < C(n,p) R 2 r "+ 1 


e 2 + 


^2(n+l—p) \ (n+2-2p)(n+l) 


£ (n+2-2p)(n+l) 


Here, || • H 2 denotes the norm on L 2 (S n 1 ), and C(n,p ) > 0 are constants 
depending on the dimension and p. 


Proof. Define the function 

no ■■= ii«ii*” + ' - n f i|-” + '- 


on 5" . Towards bounding the radial distance between K and L by \\fW2, 

the L 2 (S n ~ 1 ) norm of /, note that the identity 

Pk(0 ~ Pl{£) = Pk{0pl(0{U\\l - llflk) 

implies 

| Pk(0 - Pl{£,) I < -ft 2 |||flk - k I Li¬ 
lly Theorem [6l we have 

(K°,L°) < C(n)D^(6 2 (K°,L°))^-\ 


where C(n) > 0 is a constant depending on n, and D is the diameter of 
K° U L°. Both K° and L° are contained in a ball of radius r _1 centred at 
the origin. We then have D < 2r~ 1 , and 


sup | ||f Ik- 

£eS Tl - 1 


U\\l\ < C(n)r 



1 

o \ ra+1 

(Ilf Ik - IlflU) dfj 


S n-1 
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for some new constant C(n). There exists a function g : S n 1 —>• R such 
that 


(iieik - KiWs© = iifii/ +p - ii«iir‘ +p - 

If £ E 5 n_1 is such that ||£||# / \\£\\l, then an application of the Mean 
Value Theorem to the function t~ n+p on the interval bounded by ||£|| k and 

II£I|l gives 

ls(OI >(n-p) (max{||C||jf, l|£IU}) _n_1+P > (n - p)r n+1 ~ p . 
Therefore, 

|Klk-|l£llL|<(n-rt- 1 r-"- 1 +»|/©|. 

Combining the above inequalities, we get 

i I r» — 3n— l+2p —-— 

sup \pk{€) ~ Pl(0\ < C(n,p)R- 2 r -+i ||/||£+ } (16) 

for some constant C(n,p). 

We now compare the L 2 norm of / to that of I p (f) by considering two 
separate cases based on the dimension to, as in the proof of Theorem 3.6 in 
[6j. In both cases, we let Qm be the condensed harmonic expansion 

for /, and let A m (n,p) be the eigenvalues from Lemma [71 As in [6], the 
condensed harmonic expansion for I p f is then given by o x m(n,p)Qm■ 

Assume n < 2 p. An application of Stirling’s formula to the equations 
given in Lemma [7] shows that A m (n,p) diverges to infinity as m approaches 
infinity. The eigenvalues are also non-zero, so there is a constant C(n,p) 
such that C (n, p)\X m (n, p)\ 2 is greater than one for all m. Therefore, 

OO 

11/111= E 11^-112 

m =0 

oo 

< C{n,p) E \^m(n,p)\ 2 \\Q m \\l = C(n,p)\\I p (f)\\l < C(n,p)e 2 . 

m= 0 

Combining this inequality with (1161) gives the first estimate in the theorem. 
Assume n > 2 p. Holder’s inequality gives 


m 112 


= E no 

m =0 
oo / 

E ( \X m (n,p)\ 


m= 0 


" +2 - 2p ||Qm|l2 +2 - 2P 


Xm{n,p)\ n + 2 ~ 2p II Q 


m ||2 


2n — 4p 
I n+2 — 2p 


< 


E \ X ™( n iP)[ ||Q. 


2,,^ |i 2 

m || 2 


n+2-2p / OO 


E \ X m(n,p)\"- 2 P II Q 


2 

m || 2 


n — 2p 
n-\-2 — 2p 


\m=0 


\m =0 
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where we again note that the eigenvalues are all non-zero. It follows from 
Lemma [ 7 ] and Stirling’s formula that there is a constant C(n,p ) such that 

—4 

|A m (n,p)| Tr: ^ < C(n,p)m 2 

for all m > 1, and 

|A 0 (n,p)\”=^ < C(n,p). 

Using the identity 

OO 

l|V 0 /||l = E^ + "-2)llQmlll ( 17 ) 

m=l 

given by Corollary 3.2.12 in [7j, we then have 


| < C(n,p) (\\I p (f)\\l) n+L2p (HQolli + l|V 0 /|||) 


n — 2p 
I n-\-2 — 2p 


The Minkowski functional of a convex body is the support function of the 
corresponding polar body, so 


Volieil^ +P = (-n + P)U\\K n ~ 1+P VohK°(0- 


Because K° is contained in a ball of radius r 1 , it follows from Lemma 2.2.1 
in [7] that 

|V 0 /iftr°(£)l ^ 1 


for all £ € S n ~ l 


We now have 

VoM\r K n+p I 


< 4 (n-p) 2 R 2 ^ n+1 - p) r- 2 u n . 


This constant bounds the squared L 2 norm of V 0 ||^||x, n+P as well, so 
|| V 0 /H 2 < 16(n - p) 2 R 2 ^ n+1 - p \- 2 u n . 

Therefore, 


| < C(n, P )em-v [e 2 + R ^+i- P ) r -2^ n + i-, P 


-2 P 


where the constant C(n,p) > 0 is different from before. This inequality with 
f)16ll gives the second estimate in the theorem. □ 


4. Proofs of Stability Results 

We are now ready to prove our stability results. 

Proof of Theorem [E Let {R<5 }o<5<i be the family of smooth convex bodies 
from Lemma [8J We will show that p{K$, —K$) is small for 0 < 5 < a, where 
a is the constant from the proof of Lemma (TUI The bounds in the theorem 
will then follow from 

p{K, —K) < lim (2 p{K, K s ) + p(K s , -K s )) = lim p(K s , -K s ). 
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Figure 2. Ks is a convex body in M 2 , and £ E S 1 . 


We begin by separately considering the case n = 2. Let the radial function 
PA' 4 be a function of the angle measured counter-clockwise from the positive 
horizontal axis. For any £ E S' 1 , let the angles <^>i and fa be functions of 
t E (—r, ?’) as indicated in Figure EO If £ corresponds to the angle 0, then 
the parallel section function for K$ may be written as 

A Ksi e{t) = PK s {0 + fa) sin fa + p Ks {0 - fa) sin fa. 

Implicit differentiation of 

t 


COS <j)j = 


gives 


so 


1 pk s (o - (-iyfa) 

(-i) 


(i = 1 , 2 ) 


dt 


t =o 


A'K s .e(^) — ~ 


PKs (e-(-i)^y 

p ' k s + I) P/fa (^ ~ f) 
(0 + f) PK S {0 - f) 


Since /(</>) := /OA 5 (^ + 7r/2) — pk s fa — 7t/ 2) is a continuous function on [0,7r] 
with 

/(0) = pK s fa/fa - Pk s (-k/ 2) = -(Pi^(- tt/2) - p Ks (n/2)) = -/( tt ), 

there exists an angle #o € [0,7r] such that pk 5 {0 o + tt/2) = pk s {@o — tt/2). 
With this #o> we get the inequality 



pLh+f) 

PKj ((* + I) B, (0 - f ) 


d(j) 


< 


/*27T 

/ 1^5,4°) I 

J o 
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Integrating the left side of this inequality, and applying Lemma [TO] to the 
right side, gives 


log 


PKt (0 - 2) 

«<(« + f) 


This implies 

1 — exp 


67 r + ) y/e 

\/3 J 


. 327T , _ 

< f 6?r + ^ ) v^- 


/ 32vr i _ 

< exp — 67r H —-=- ] Ve 

L V V3r 

< P/fr (A - f ) _ 1 
Pk s + f) 

32vr 


- 1 


< exp 


67T + 


y/3l 


It follows that 
—2 ( exp 


67T + 

y/3l ' 


7r 


- 1 ) R < PKs [0 - -) - PK S (0 + - 


-1. 


7T 


< 2 exp 


327T , _ 

+ 7ft ^ 


- 1 ) R 


since K$ is contained in a ball of radius 2 R. Viewing px s again as a function 
of vectors, we have 


sup |PKgiO - PK S (~0 1 < 2 ( exp 
CeS 1 


6, + ^-)^ 


- 1 ) R. 


The inequality e* — 1 < 2t is valid when 0 < t < 1; therefore, if 

/ V3r V 

e < 


6\/37rr + 327T 


then 


sup | PK S (0 - Pk s (-£)I < ( 24 tt + 
SeS 1 


128t r 

\/3r7 


) i?v6. 


Consider the case when n > 2. For with p = 1, Equation fl^J) becomes 
J 2 (lM|^™ +2 - II - z||^ +2 ) (0 = -2 ttz (n - 2)T'^(0), 


so 


^2 II* 


i—tj+2 _ m 11—ra+2\ 

I Kg \\ x W-K 5 ) 


= 27r(n — 2) 


| A'k s £(0) I 


< C (n) ( -\/e + 




2n—4 


+ 


/C 


n —3 


^ 71 -(-2 


64 
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by Lemma 1101 Finally, by Lemma fill 


E>2 / o2n—4 o3n-3 \ 7#! l 

p{K s ,-K s ) < C(n)^zr ( \/eH-1-e 2(n+1) 


p n+1 


r^TT' - 1 - 2 


when n = 3 or 4, and 


p(A+ —Aj) < C(n) 


t 


A 


2n—4 


y/s + 


+ 


+ 


A 3 


\n —3 


fTL ~\~2 


|—2 


R 2(n-l) 

(71 —2)(ti+1) 

+ r 2 


2 

1 

(n-2)(n+l) /^ £ (n-2)(n+l) 


3 ?T—3 
p 71+1 


when n > 5, where C(n ) > 0 are constants depending on the dimension. □ 

We now present the proof of our second stability result. 

Proof of Theorem 0 Apply Lemma[8]to A' and L; let {AT^}o<<5<i and (A+odci 
be the resulting families of smooth convex bodies. For each 5, define the 
constant 


e$ := sup 
geS 7 *- 1 


+>) - 4>) 


+ sup 
^eS 71 - 1 


+>) - 41(0) 


+ s. 


Defining the auxiliary function 

ho ■■= na.r l+p -iieiizr 1+ ^ 

we have 

c °s (y) +p{fs( x ) + fs(~ x ))(0 + 7sin 7 i+p(/< 5( x ) “ fs(~ x ))(0 

= 2vr(n - 1 -P)(A { £] ^(0) - A^(0)) 

from Equation ([2]). The function of £ on the left side of this equality is split 
into its even and odd parts, because I\ +p preserves even and odd symmetry. 
Therefore, 


cos 


(?) 


:h+p{M x ) + /«(-*))({) 


n(n — 1 — p) 

= (4L<0) - +1(0)) + (48,^(0) - +,- £ (0>) 


*sin(f) 


:h+ P (fs(x) - fs(~x)){Q 


n(n — 1 — p) 

= (+. £ (0)-+1(0))-(+,_ £ (0)-+.- £ 


and 
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By the definition of eg, 

h +p (2f s )(Z) — Mi+p (/«(*) + /«(-*)) (0 + Ui+p - /«(-*)) (0 

27r(n — 1 — p) 27r(n — 1 — p) 

- COS (P 7r / 2 ) £<5 sin (p w / 2 ) £<5 ’ 

which implies 

|IW/i)ll 2 - 7T\/^( n - 1 -p)(| sec ( p7r / 2 ) I + I CSC ( p7r / 2 ) |)ea. 

Both Kg and Lg are contained in a ball of radius 2 R when 0 < 6 < 1/2, and 
contain a ball of radius r/2. It now follows from Lemma [TTl that 

p(Kg,Lg) < C(n,p) R 2 r »+i e*" +1 

when n < 2p + 2, and 


n—2 — 2p 


— 3n-\-l-\-2p 


p(-K<S, AO < C(n,p) R r "+1 




r>2(n—v) \ (n-2p)(n+l) 4 

U ] = .(n-2p)(n+l) 


when n > 2p + 2, where C(n,p) > 0 are constants depending on the dimen¬ 
sion and p. Finally, the bounds in the theorem statement follow from the 
observations 

p(K, L) < lim (p{K, Kg) + p(L, Lg ) + p(K s , Lg )) = lim p(Kg, Lg ), 

<5—>-0 V / <5—>-0 

and lirn^o £5 = £■ □ 
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